We employ the Davies-Green method with appropriate test functions to deduce a lower bound for the Heat Kernel of a Schrödinger operator with a positive polynomialy bounded potential. The significance of test functions relatively sensitive to the potential as well as the differential operator is realised.
Introduction
Subsequent to an interest in the spectral theory of higher order differential operators being initiated it was inevitable that the issue of lower bounds for the integral kernel of the semigroup be addressed. There has been extensive work on the theory for heat kernels of second order operators, but the situation for higher order operators is considerably different, and we recall that the higher order heat kernels are not necessarily positive in the off-diagonal. Despite the initial difficulties encountered in the approaches often used in the second order case, Davies contributed the first main principle for obtaining the necessary bounds [1] and established a lower bound for the heat kernel of a higher order elliptic operator with bounded measurable coefficients on L 2 R N in the case where the order of the operator 2m is greater than N. Robinson and Ter Elst obtained bounds for operators on a Lie Group [2] . Their method however required the conservation of probability.
In this paper we extend the Davies-Green method by exploiting the greater level of generality offered in [1] to obtain lower bounds for the integral kernel of the heat semigroup on the diagonal of the Schrödinger operator with a polynomialy bounded potential. We prove the following theorem 
] then define
If H := H 0 + V has a heat kernel k (t, x, y) continuous in all three variables and with k (t, x, ·) ∈ L 2 R N for all x and t > 0 then under the hypothesis that that there are positive constants µ, σ and λ < 1 such that
we have the following inequalities: Whenever
and when x γ t < 1 we have
where c 6 is independant of x and t.
We assume the hypothesis and all the definitions from this theorem as well as the definitions
in the pending analysis.
Green-Heat Inequality
In this section we repeat the main results from [1] . We exploit the Laplace Transform relationship between the resolvent and the semigroup. If ω x is the distribution such that
then for all positive t
splitting the integral
We proceed by estimating the integrals
We find a tractable form of the Green's Function G t (x, y) of the operator (tH + 1) on the diagonal. We recall the two following results from [1] .
{| (tH + 1)
We recall that the spectral theorem shows us that the heat kernel is a log convex function and can also be analytically continued into the complex plane.
Lemma 2.1 (Davies [1] ) Given 0 < α, s < 1 and p defined by
The three line lemma is applied to the analytic function z → k (z, x, y)
and the proof is complete.
In our hypotheses u (t, x) is a decreasing function we have
we have the Green-Heat inequality 
This follows from y κ (y+̺)
substitution of τ = αs and with p > τ we have If g x (y) is an appropriate test function then we can estimate the Greens function with the evaluation
We are primarily concerned with behaviour of the heat kernel away from the origin, and thus will consider test functions to reflect this. The choice of test functions is the only significant difference between the analysis to find lower bounds for elliptic operators in [1] and our analysis here for Schrödinger operators. We require tests functions that are measurably sensitive to the potential as well as the differential operator.
for some β (x) such that β (x) < 1 for all x ∈ R N Remark 3.6 With s i =
where c 3 depends on ψ. 
and with an application of lemma 3.2
Definition 3.9
Definition 3.10
For t x γ > 1 we have the inequality
and we optimise the RHS over β with
and since the definition of x implies that
The proof is completed by substituting β M into 4.8
Proof From the definition of the test functions we recall that g x (x) = 1 and this gives us
Following from the Green-Heat inequality
by substituting for u (t, x) and an application of lemma 3.3 we have
in solving this we have
and our inequality is obtained on inverting the logarithm and substitution of u (t, x).
5 Heat kernel for t x γ < 1
Proof
In finding the lower bound for the heat kernel bound when t x γ < 1 our analysis is very similar to that for t x γ > 1 except that we start with
We find that the RHS is optimised over β for
Using g x (x) = 1 we have
(5.12) substituting into the Green-Heat inequality
by substituting for u (t, x) and an application of lemma 3.3 we have (c 5 σ)
and we solve to complete the proof. 
It follows from the inequality e t − 1 > t for all positive t that e −4t
1−e −2t < 1 t
Then our upper bound for the heat kernel of the harmonic oscillator follows from this with c 8 = 1/ √ π
Lower Bound Consistency
We determine a lower bound for the heat kernel of the harmonic oscillator from theorem 1. for some constant r 2 , and it is consistent with lemma 6.1. 
